We establish the existence of (invariant) center manifolds with maximal C r regularity for a nonautonomous dynamics with discrete time. We consider the general case of perturbations of a nonuniform exponential trichotomy. Our proof uses the fiber contraction principle and allows linear perturbations without any further effort.
Introduction
Our main aim is to establish the existence of C r center manifolds for the nonautonomous difference equation
in X = R p , assuming that the (nonautonomous) linear dynamics
defines a nonuniform exponential trichotomy, and that the maps f m are of class C r and satisfy some additional assumptions
to be made precise later on. It is well known that center manifold theorems are powerful tools in the analysis of the behavior of dynamical systems. In particular, when the linear dynamics defined by Eq. (2) has no unstable directions, all solutions of Eq. (1) converge exponentially to the center manifold. This implies that the stability of a system without unstable directions is completely determined by the behavior on any center manifold. Thus, one often considers a reduction to a center manifold (see [6] for details and references). An exposition of the theory of center manifolds in the case of autonomous equations is given in [14] , adapting results from [16] . See [11, 15] for the case of equations in infinite-dimensional spaces.
We refer the reader to [8] [9] [10] 14] for more details and further references. See also [3] for a center manifold theorem in the nonuniform setting, although without establishing the maximal regularity that to the best of our knowledge is obtained here for the first time.
The following is our center manifold theorem when r = We emphasize that we consider the more general case of nonuniform exponential behavior. It turns out that the classical notion of (uniform) exponential behavior is very stringent for the dynamics and it is of interest to look for more general types of hyperbolic behavior. These generalizations can be much more typical. This is precisely what happens with the notion of nonuniform exponential trichotomy. We refer the reader to [4] for a related discussion concerning the ubiquity of the notion of nonuniform exponential trichotomy in the context of ergodic theory. In this respect, our results are also a contribution to the theory of nonuniform hyperbolicity. We refer to [1] for a detailed exposition of the theory, which goes back to the landmark works of Oseledets [12] and particularly Pesin [13] .
Our proof uses the fiber contraction principle (see for example [7] ), together with a modification of an argument sketched in [7] to establish the continuity of the fiber contraction, now for a nonautonomous dynamics. Finally, our method of proof also allows linear perturbations, without any further work. This has immediate applications to the robustness problem of nonuniform exponential trichotomies, which in principle should simplify the proof of the robustness in [5] .
Lipschitz center manifolds
We consider invertible operators A m ∈ B( X) for each m ∈ Z, where B( X) is the set of bounded linear operators in a Banach space X . Each sequence v m ∈ X satisfying v m+1 = A m v m can be written in the form
We say that (A m ) m∈Z admits a nonuniform exponential trichotomy if there exist projections P m , Q 1m , Q 2m ∈ B( X) satisfying
for every m, n ∈ Z, and there exist constants a < c c < b and ε, D > 0 such that for every m n we have
and for every m n we have
In this case we define center, stable and unstable subspaces for each m ∈ Z by
It follows readily from (3) that for every m, n ∈ Z we have
We also consider continuous functions f m : X → X with f m (0) = 0 for every m ∈ Z, and we assume that there exists a constant δ > 0 such that
for every m ∈ Z and u, v ∈ X . Given n ∈ Z and an initial condition
the sequence satisfying
(provided that it is well defined), or equivalently satisfying
for m n, and
Let also X be the space of sequences φ = (φ m ) m∈Z of continuous functions
such that φ n (0) = 0, and
for every n ∈ Z and ξ,ξ ∈ E n . Given φ ∈ X, for each m, n ∈ Z and ξ ∈ E n we write
and where F n = A n + f n . We also write
The following Lipschitz center manifold theorem was established in [2] . 
f m (0) = 0 for every m ∈ Z, and (6) holds with δ sufficiently small, then there exists a unique φ ∈ X such that:
It should be noted that in [2] we obtain C k+Lip center manifolds for each k ∈ N, although the same argument (with some simplifications) can also be used when k = 0. For the proof of the regularity of the sets V m = V m,φ we need to recall several elements from the proof of Theorem 2. So that F(m, n)(V m ) = V n for every m, n ∈ Z, we must have
for each m n, and
for each m n. The following statement can be obtained repeating the proof of Lemma 4 in [2] in the particular case when k = 0. Lemma 1. Given δ sufficiently small, for each φ ∈ X, n ∈ Z, and ξ ∈ E n there exist unique continuous functions x mφ : E n → E m , for m ∈ Z, with x nφ (ξ ) = ξ , and satisfying (9) for m n and (10) for m n.
We can also establish the following equivalence.
Lemma 2.
For every sufficiently small δ > 0, given φ ∈ X the following properties are equivalent:
1. for every n ∈ Z, ξ ∈ E n , and i = 1, 2, for m n we have
and for m n we have
2. for every n ∈ Z and ξ ∈ E n we have
Finally, provided that δ is sufficiently small, it is shown in [2] that there exists a unique φ ∈ X such that (11) holds for every n ∈ Z and ξ ∈ E n . It is found as a fixed point of a contraction operator T in the space X, which is a complete metric space with the norm
for (n, ξ) ∈ Z × E n .
Smoothness of the center manifolds
For X = R p , we show in this section that the Lipschitz manifolds V m,φ in Theorem 2 are of class C 
for every m ∈ Z and u ∈ X with u c, for some constant c > 0, and condition (6) holds with δ sufficiently small, then for the unique φ in Theorem 2 the functions φ n are of class C 1 . If in addition f m (0) = 0 for every m ∈ Z, then φ n (0) = 0 for every n ∈ Z.
Proof. We first recall the fiber contraction principle. Let X and Y be metric spaces. We say that a transformation S :
for every x ∈ X and y,ȳ ∈ Y , where d Y is the distance in Y . We also say that a fixed point x 0 ∈ X of T is attracting if We consider the space F of sequences of continuous functions Φ = (Φ n ) n∈Z such that each Φ n is a linear transformation from E n to F 1n × F 2n , with
Lemma 3 (Fiber contraction principle). If S is a continuous fiber contraction, x
We also consider the subset F 0 ⊂ F composed of the sequences Φ ∈ F such that Φ n (0) = 0 for every n ∈ Z. We can easily verify that F and F 0 are complete metric spaces with the distance induced by the norm in (14) . We define a linear operator
and
where 
for m n.
Lemma 4. The operator A is well-defined, and A(
Proof. Set
By (6) we have
for every m ∈ Z and u ∈ X . It follows from (5) and (19) that
Similarly, it follows from (4) and (19) that
By (17) 
Proceeding in a similar manner we find that for m n,
It follows from (24) and (20) that
for some C > 0, provided that δ is sufficiently small. Similarly, it follows from (23) and (21) that
for some constant C > 0, provided that δ is sufficiently small. This shows that A(φ, Φ) is well-defined, and that
Now we define a transformation S :
with the operator T as in (12).
Lemma 5. For every δ > 0 sufficiently small, the operator S is a fiber contraction.
Proof. Given φ ∈ X and Φ, Ψ ∈ F, let W lΦ = W l,φ,Φ,ξ and W lΨ = W l,φ,Ψ,ξ . Setting α = Φ − Ψ , we have
and similarly,
where for simplicity we have omitted the arguments.
In an analogous manner to that in ( 
and hence,
By (24) and (27), it follows from (25) that
for some constant K > 0. Similarly, by (23) and (27), it follows from (26) that 
It follows from (19) that
for some constant D > 0. Moreover, given γ > 0 there exists σ ∈ N (independent of n and ξ ) such that
for some constant D > 0, and
Now we consider the sums from n − σ + 1 to n. For this we consider the sequences
indexed by p ∈ {1, . . . , σ − 1} and φ ∈ X. Since the functions Φ m , x mφ , and (φ, ξ ) → W m,φ,Φ,ξ are continuous, the functions
are also continuous. Furthermore, by (19), for each p ∈ {1, . . . , σ − 1} and φ ∈ X we have 
Now we consider the case when |n| N. Given n ∈ Z and (φ, ξ ) ∈ X × E n , due to the continuity in (33) there exists δ > 0 such that
whenever d(φ, ψ) < δ and ξ −ξ < δ. Since u → f m (u) vanishes for u c, it is sufficient to establish the continuity inside a certain ball in X (possibly depending on p and n). This shows that it is sufficient to consider ξ in some compact set K (since now p and n run over a finite set). We can cover K with a finite number of balls B i , i = 1, . . . , r centered at points in this set, such that (34) holds whenever d(φ, ψ) < δ i and ξ,ξ ∈ B i , for i = 1, . . . , r and some numbers δ i > 0.
Therefore, 
we can show that φ → A 2 (φ, Φ) is also continuous. Since the operator T is a contraction, we conclude that S is continuous. 2
Now we observe that if each φ n is of class C 1 and Φ n = φ n , then W m = x mφ in (17) for each m ∈ Z. Therefore,
To complete the proof, we consider the pair (φ 
for every z ∈ X and some constant C > 0. We consider the maps G n : X × X → X × X for n ∈ Z given by G n (u, z) = F n (u), A n z + α(z)d u f n z , and we define G(m, n) in a similar manner to that in (7) with each F j replaced by G j . We also consider the mapsḠ n :
